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Dynamical conductivity spectra [σ(ω)] have been measured for many heavy-fermion (HF) Ce
and Yb compounds. A characteristic excitation peak has been observed in the infrared region
of σ(ω) for all the compounds, and has been analyzed in terms of a simple model based on
conduction (c)-f electron hybridized band. A universal scaling is found between the observed
peak energies and the estimated c-f hybridization strengths of these HF compounds. This
scaling demonstrates that the model of c-f hybridized band can generally and quantitatively
describe the low-energy charge excitations in a wide range of HF compounds.
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Physics of “heavy fermion (HF)” compounds has at-
tracted a considerable amount of interest during the last
few decades. In HF compounds, a strong Coulomb cor-
relation of the f electrons enhances the carrier effective
mass (m∗). The mass enhancement is manifested in, e.g.,
the quadratic temperature (T ) coefficient (A) of the re-
sistivity and the linear T coefficient (γ) of the electronic
specific heat.1 It has been shown that a scaling between
A and γ2, now widely known as the “Kadowaki-Woods
(KW) relation”, holds for a large number of HF com-
pounds having different degrees of mass enhancement
and orbital degeneracy.2, 3 Theoretically, the KW rela-
tion including effects of electron correlation was success-
fully derived using the periodic Anderson model (PAM),4
and later generalized to include effects of orbital degener-
acy.3, 5 In addition to the interesting transport, magnetic,
and thermal properties of HF compounds, their charge
excitation spectra, measured as the dynamical (optical)
conductivity σ(ω), have been shown to be highly anoma-
lous compared with those of conventional metals.6, 7 Such
anomalies should arise from their peculiar electronic dis-
persion near the Fermi level (ǫF ), which is the main in-
terest of this Letter.
The simplest case of a HF compound is that of a Ce
(Yb) compound with a 4f1 (4f13) configuration, where
a 4f electron (hole) interacts with the conduction elec-
trons.1 Using the Fermi liquid theory and PAM, it has
been shown that the dispersion in such a case may be ap-
proximated in terms of “renormalized hybridized bands”,
as sketched in Fig. 1(a).8–10 They result from a con-
duction (c)-f electron hybridization renormalized by the
electron correlation. The σ(ω) spectrum resulting from
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Fig. 1. (a) Dispersion of the renormalized hybridized bands near
ǫF , expressed as ǫ˜
±
k
= 1
2
[ǫ˜f + ǫk±
q
(ǫ˜f − ǫk)2 + 4V˜ 2].
8–10 Here
ǫ˜f and V˜ are renormalized f level and c-f hybridization, respec-
tively. ǫk is the bare c band dispersion and TK is the Kondo tem-
perature. (b) Sketch of σ(ω) expected from ǫ˜±
k
.11, 12 The dashed
and solid curves show those without and with disorder-induced
broadening, respectively.
this dispersion consists of a very narrow Drude peak cen-
tered at ω=011 and a peak at finite energy due to inter-
band transitions [Fig. 1(b)].12 Experimentally, σ(ω) of
several HF compounds exhibited a narrow Drude peak7
and a mid-infrared (mid-IR) absorption peak,13–16 which
were consistent with the predictions in Fig. 1(b). Garner
et al
13 first pointed out that, according to results of c-f
hybridized bands,10 the position (energy) of the mid-IR
peak in σ(ω), Emir, should obey
Emir ∝
√
TKW, (1)
where W is the bare c band width. Degiorgi et al.14 also
discussed Emir of HF compounds using Eq. (1), while
Dordevic et al.15 reported a scaling of Emir for a few
HF compounds, using a relation essentially equivalent to
Eq. (1). Subsequently, Hancock et al.16 used Eq. (1) to
1
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analyze σ(ω) spectra of YbIn1−xAgxCu4. They showed
that Emir indeed scaled with
√
TK for 0 ≤ x ≤ 1, estab-
lishing a scaling of Emir in terms of Kondo physics for
YbIn1−xAgxCu4. However, since these previous works
dealt with a limited range of HF compounds, it was un-
clear whether such a scaling of mid-IR peak based on c-f
hybridized band was universal for many HF compounds.
In this Letter, σ(ω) spectra of many Ce- and Yb-
based HF compounds are systematically examined to test
whether the mid-IR peaks follow a universal law among
these compounds, and to clarify the above question. σ(ω)
of CeNi, CeSn3, YbInCu4, YbAl2, YbCu2Si2, YbNi2Ge2,
and YbCuAl have been newly measured. σ(ω) spectra
are also taken from our previous works on CeNiSn,17
CeRhSb,17 CeOs4Sb12,
18 CeRu4Sb12
19 and YbAl3.
21 In
addition, several other HF compounds for which Emir
values have been reported in the literature are consid-
ered. Table I lists the physical parameters of the stud-
ied HF compounds, used below to evaluate their TK and
W . Note that these compounds span a wider range of
γ values compared with previous works,7, 15, 16 which is
important for our purpose. It is shown that their Emir
values scale well in the form of Eq. (1).
The newly measured samples were polycrystals for
YbAl2 and YbCuAl,
22 and single crystals for CeNi,38
CeSn3,
33 YbInCu4,
44 YbNi2Ge2
22 and YbCu2Si2.
45 The
optical reflectivity spectra [R(ω)] were measured on as-
grown specular surfaces for YbCu2Si2 and YbNi2Ge2, on
cleaved surfaces for CeNi and YbInCu4,
20 and on pol-
ished surfaces for the others. σ(ω) spectra were obtained
from R(ω) using the Kramers-Kronig analysis. Other de-
tails were similar to those described elsewhere.21
Figure 2 shows the obtained σ(ω) spectra at 9 K. Since
the dispersion sketched in Fig. 1 does not include ther-
mal effects, here we discuss low-T spectra only. All these
compounds clearly exhibit a mid-IR peak in σ(ω), which
strongly suggests that the appearance of a mid-IR peak is
a universal property of the HF compounds. Their Emir’s
(peak positions), indicated by the arrows in Fig. 2, vary
markedly from compound to compound, which indicates
a wide range of their V˜ and TK . Our σ(ω) spectra of
Table I. Specific heat coefficients (γ) of the Yb (Ce) compounds
and those (γ0) of the isostructural Lu (La) compounds in units
of mJ/K2mol. The γ values marked with asterisks are not from
the cited references, but from our own analysis to separate a
NFL contribution from the total γ reported in the cited refer-
ences.31, 39
γ γ0 γ γ0
YbAl2 17
22 5.623 CeSn3 53
33 2.534
YbAl3 58
24 425 CePd3 38.6
35 3.536
YbCu2Si2 135
22 326 CeRhSb 23-2837 8.237
YbNi2Ge2 136
22 12.727 CeNi 5738 538
YbCuAl 26022 5.928 CeNiSn 5137 11.437
YbInCu4 50
29 8.730 CeRu4Sb12 50-85
∗39 3739
YbAgCu4 210
29 1029 CeOs4Sb12 92
40 3640
YbRh2Si2 100- 7.8
32 18041
140∗31 CeCu6 1600
42 843
CeSn3 and CeRu4Sb12 are similar to those in Refs.,
15, 46
although the overall magnitude of our σ(ω) is larger. Our
Emir of 0.25 eV for YbInCu4, measured on a cleaved sam-
ple, agrees with the previously reported value16 for a pol-
ished sample, while the overall magnitude of our σ(ω) is
much smaller.20
Eq. (1) can be derived from the relation 2V˜ ∝√
TKW ,
10 which is a result of PAM, and by setting
Emir ∝ 2V˜ . Although Emir is larger than 2V˜ as sketched
in Fig. 1(b), Hancock et al.16 have well demonstrated
that Emir ∝ 2V˜ holds in fact for YbIn1−xAgxCu4 (0
≤ x ≤ 1). To analyze the measured Emir values using
Eq. (1), it should be expressed in terms of experimen-
tally observable quantities. W of a Ce (Yb) compound
may be regarded as inversely proportional to γ of the
non-magnetic, isostructural La (Lu) compound (denoted
as γ0). Concerning TK, since we need to deal with a large
number of compounds, we shall make use of the simple
relation1
TK = π
2NAkBa/(3γ). (2)
Here, NA and kB are the Avogadro number and Boltz-
man constant, respectively, and a is a constant which
depends only on the f level degeneracy N : a=0.21, 0.54
and 0.59 for N=2, 6 and 8, respectively.1 Then Eq. (1)
can be rewritten as
Emir ∝
√
a/(γγ0). (3)
The constant of proportionality in Eq. (3) is, in the ab-
sence of broadening (Emir = 2V˜ ), given as
Sth =
√
8π3/9 ·NAk2B, (4)
which is material independent.
In analyzing the experimental Emir values using
Eqs. (3) and (4), we also include reported Emir’s in
the literature for YbAgCu4,
16 YbRh2Si2,
47 CePd3
46 and
CeCu6.
42 Except for CeRu4Sb12
39 and YbRh2Si2,
31 the
HF compounds have Fermi liquid (FL) ground state at
low T . Their γ values in Table I are taken from the cited
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Fig. 2. Measured σ(ω) at 9 K, except for YbInCu4 measured at
20 K for technical limitation. The arrows indicate the Emir values
(peak positions) of the mid-IR peaks.
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references, which were determined through the usual pro-
cedure, i.e., by extrapolating the measured Ce/T to T=0
(Ce is the electronic specific heat). The γ value thus ob-
tained is the “Kondo contribution” proportional to 1/TK
as discussed above. CeRu4Sb12
39 and YbRh2Si2
31 show
steep rise in Ce/T due to non-Fermi liquid (NFL) proper-
ties below ∼ 4 K and ∼ 10 K, respectively. Such a NFL
effect is not included in our simple model of Eq. (2).
However, since the onset T of this “NFL contribution”
is clearly identified in their T dependence of Ce/T ,
31, 39
it can be subtracted from the total Ce/T to estimate
a Kondo contribution,31, 39 as previously done for, e.g.,
another NFL compound CeRhSn.50 (Of course, there
is no rigorous theoretical justification for this subtrac-
tion, since the NFL properties should also arise from the
strong electron correlation. However, it is a simple, phe-
nomenological scheme to estimate the underlying Kondo
coupling of an NFL compound.50) Their γ’s in Table I are
the Kondo contributions thus obtained.31, 39 Estimated
uncertainty resulting from the subtraction is indicated
by the horizontal error bars in Fig. 3, which are rather
small since not γ but
√
γ enters Fig. 3. CeOs4Sb12 shows
a gradual increase of resistivity below 50 K, although
other physical properties show metallic characteristics
including the Ce/T data.
40, 41 CeNiSn and CeRhSb are
metals having low carrier densities (n) and a reduced
density of states (dos) at ǫF.
37 The reported Emir’s of
YbFe4Sb12
15, 48 and CeCoIn5
49 are not included here,
since YbFe4Sb12 is not an f electron-derived HF,
48 and
since CeCoIn5 shows strong NFL properties up to high
T ,51 making it difficult to estimate the Kondo contribu-
tion to γ.
Figure 3(a) shows plots of the measured and reported
Emir values as a function of
√
a/(γγ0) using the γ and
γ0 values in Table I. Here, N=8 (6) has been used for the
Yb (Ce) compounds, except for CeCu6 (see below). Fig-
ure 3(a) shows that the Emir values scale well, in agree-
ment with the prediction of Eq. (3). Some of the com-
pounds, e.g., YbAl2, CePd3, CeSn3 and CeCu6, seem to
show larger deviations than the others. However, con-
sidering the extreme simplicity of our model, the overall
scaling is still good. The reported σ(ω) of CeCu6 at low
T shows two marked IR peaks: a broad one centered
at ∼ 0.15 eV and the other at 5 meV.42 Since the en-
ergy scale of 0.15 eV (1700 K) is much larger than TK
of CeCu6 (∼ 1 K),42 the 5 meV peak rather than the
0.15 eV peak should be associated with the hybridization
gap, as previously done.15 Hence only the 5 meV peak
is plotted in Fig. 3(a) using N=2 since the Ce ground
state in CeCu6 is a N=2 doublet due to crystal field
splitting. (See the discussion below regarding the lower-
ing of degeneracy in other compounds.) From Fig. 3(a),
the experimental slope of the scaling is estimated as Sex
= (7 ∼ 9) × 10−22 J2/K2mol, which is in excellent agree-
ment with the theoretical slope given by Eq. (4), Sth=6.0
× 10−22 J2/K2mol. (Note that the actual 2V˜ is slightly
smaller than Emir, as mentioned before.) For compari-
son, in Fig. 3(b) Emir is plotted as a function of
√
a/γ
(∝ √TK), without including γ0 (∝ W−1). Although an
overall tendency for scaling is still seen, it is much less
satisfactory than that in Fig. 3(a). This is in contrast to
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Fig. 3. Mid-IR peak energies (Emir) plotted as a function of (a)p
a/(γγ0) and (b)
p
a/γ. The solid lines are guide to the eye.
The horizontal error bars indicate the uncertainties in γ and the
vertical ones those in determining Emir due to broad lineshapes.
the previous result of good scaling without W observed
for YbIn1−xAgxCu4.
16 Clearly, the explicit inclusion of
W (∝ γ−10 ) in our analysis has been crucial for observing
the good scaling over many HF compounds. Note that
CeNiSn and CeRhSb show good scaling of Emir despite
their small n,37 while they are completely off the KW
relation.3 These contrasting results are reasonable, since
Sth does not depend on n, while the slope of KW rela-
tion does depend on n.3 Figure 3(a) convincingly demon-
strates that the universal relation predicted by Eqs. (2)
and (3) is in fact followed by these HF compounds, and
that the model of c-f hybridized band has captured the
essential physics involved in the low-energy dynamical
conductivity of HF compounds.
The Ce or Yb ground state is a doublet also in
CeNiSn,37 YbCu2Si2
3 and YbRh2Si2.
31 Hence the TK es-
timated from their γ at low T correspond to that of the
N=2 ground state. However, except for the 5 meV peak
for CeCu6,
42 their mid-IR peaks have a large energy scale
of the order of 1000 K. Hence the mid-IR peaks should be
associated with the “high-temperature TK” (T
h
K) for the
entire J=5/2 (7/2) multiplet with N=6 (8). Since T hK is
larger than the ground state TK, our use of γ at low T
should underestimate T hK relevant to the mid-IR peak. In
spite of this, these compounds are scaled well in Fig. 3(a).
This is probably because our use of N=6 (8) has partly
compensated for the underestimation of T hK : in the rela-
tion TK ∝ a/γ, a=0.54 (0.59) for N=6 (8) is greater than
4 J. Phys. Soc. Jpn. Letter Author Name
a=0.21 for N=2.1 It is also remarkable that the two NFL
compounds, YbRh2Si2 and CeRu4Sb12, scale reasonably
well, once the Kondo contribution is separated from the
total Ce/T .
Regarding the c-f hybridized band model in Fig. 1,
it should be recalled that only one linear combination
of 4f orbitals can hybridize with one conduction band
per spin.8, 9 When the 4f ground state is orbitally de-
generate, as in many of the compounds studied here, the
rest of the degenerate 4f orbitals should remain unhy-
bridized and dispersionless at ǫ˜f .
52 They should cause a
sharp f -dos at ǫ˜f , which gives rise to, e.g., a large Van
Vleck susceptibility in HF compounds.52 With such an
f -dos remaining at ǫ˜f , one might expect a more compli-
cated dispersion than that in Fig. 1, and hence a more
complicated σ(ω) spectrum. (A detailed discussion con-
cerning effects of f level degeneracy on the c-f hybridized
state has been given.53) However, note that such an un-
hybridized f level, which is completely uncoupled from
the c electron, cannot contribute to σ(ω).54 This is most
likely the reason why the basic features of the mid-IR
peak in σ(ω) can be understood without taking the 4f
orbital degeneracy into account.
The limitation of the present scaling is clear: it cannot
deal with the U-based HF compounds having a f2 or f3
configuration. Although there have been many reports
of σ(ω) on U compounds,7 the hybridized band model of
Fig. 1 based on f1 configuration is not directly applica-
ble to the U compounds. To quantitatively understand
σ(ω) of U compounds, further progress is required in the
theoretical understanding of their electronic dispersion.
In summary, it has been shown that the peak energy
of the characteristic IR excitation in σ(ω) universally
scales with the c-f hybridization strength, estimated by√
a/(γγ0), for many Ce- and Yb-based HF compounds.
This optical scaling demonstrates that the simple model
of c-f hybridization band can quantitatively account for
the low-energy charge dynamics in these HF compounds.
Of course, there are exceptions to the present scaling.
For example, CeAl3 does not exhibit an IR peak,
7 al-
though its γ value is comparable to that of CeCu6. Such
an exception is not surprising; even the KW relation, now
widely regarded as being universal, breaks down for cer-
tain HF compounds.3 The important point is that most
of the Ce- and Yb-based HF compounds whose σ(ω) data
are currently available have been considered here, and
that they have shown the good scaling. In this sense, we
believe that the present optical scaling for the Ce and
Yb compounds should be a universal property.
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